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Abstract We consider the Grushin type operator on Rdx × R
k
y with the form
Gµ =
d∑
i=1
∂2xi +
(
d∑
i=1
x2i
)2µ k∑
j=1
∂2yj .
and derive weighted Hardy-Sobolev type inequalities and weighted Caffarelli-
Kohn-Nirenberg type inequalities related to Gµ.
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1 Introduction
Hardy-Sobolev inqualities and Caffarelli-Kohn-Nirenberg inequalities on the
Euclidean space play an important role in mathematics and applied fields. They
are very useful tools to study various interesting problems in partial differential
equations, such as eigenvalue problems, existence problems of equation with
singular weights, regularity problems, etc.
The initial work of first order interpolation inequalities with weights (Caffarelli-
Kohn-Nirenberg inequality) was given by Caffarelli et al [2]. The result is stated
as follows:
Theorem 1.1. Let p, q, r, α, β, γ, σ and a satisfy

p, q > 1, r > 0, 0 6 a 6 1
1
p
+
α
n
,
1
q
+
β
n
,
1
r
+
γ
n
> 0,
(1)
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where γ = aσ+ (1− a)β. Then there exists a positive constant C such that the
following inequality holds for all u ∈ C∞0 (R
n)∥∥∥|x|γu∥∥∥
Lr
6 C
∥∥∥|x|α|∇u|∥∥∥a
Lp
∥∥∥|x|βu∥∥∥1−a
Lq
(2)
if and only if the following relations hold:
1
r
+
γ
n
= a(
1
p
+
α− 1
n
) + (1− a)(
1
q
+
β
n
) (3)
(this is dimensional balance),
0 6 α− σ if a > 0
α− σ 6 1 if a > 0 and
1
p
+
α− 1
n
=
1
r
+
γ
n
.
Furthermore, on any compact set in parameter space in which (1), (3) and
0 6 α− σ 6 1 hold, the constant C is bounded.
When a = 1, we see that (2) are reduced to Hardy-Sobolev inequalities,
i.e., Hardy-Sobolev inequalities are special cases of Caffarelli-Kohn-Nirenberg
inequalities. Later, Lin [13] generalized (2) to cases including derivatives of
any order. Badiale and Tarantello [1] derived a class of more general Hardy-
Sobolev inequalities with singular weights depending only on partial variables.
Recently, Hardy-Sobolev type inequalities have been extended to noncommu-
tative field vectors. In the Heisenberg group setting, we refer the readers to see
[3][7][8][9][10], ect.
In this paper, we shall prove weighted Hardy-Sobolev type inequalities and
weighted Caffarelli-Kohn-Nirenberg type inequalities related to the Grushin
type operator
Gµ = ∆x + |x|
2µ∆y,
where x ∈ Rd and y ∈ Rk. Let Q = d+(1+µ)k be the homogeneous dimension
and
ρ = ρ(x, y) =
(
|x|2+2µ + (1 + µ)2|y|2
) 1
2+2µ
be the distance function from the origin (x, y) on Rdx × R
k
y to and ∇µ =
(∇x, |x|
µ∇y) be the gradient operator. We have Gµ = ∇µ · ∇µ.
For the Grushin type operator, D’ Ambrosio [4] proved some Hardy type
inequalities and gave sharp estimates in some cases. Here, we recall a result in
[4]:
Theorem 1.2. Let p > 1 and α ∈ R satisfy 1
p
+ α
Q
> 0. Then there exists a
positive constant C =
(
p
Q−p+αp
)p
such that for any u ∈ D1,pα (Rd+k),
∫
Rd+k
ραp
|x|µp
ρµp
|u|p
ρp
dxdy 6 C
∫
Rd+k
ραp|∇µu|
pdxdy, (4)
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where D1,pα (Rd+k) denotes the closure of C∞0 (R
d+k) with respect to the norm
‖u‖1,pα =
(∫
Rd+k
|ρα∇µu|
pdxdy
) 1
p
.
Niu and Dou [15] established Hardy-Sobolev inequalities related to Gµ.
Zhang et al [16] obtained a class of weighted Hardy-Sobolev inequalities and
a class of weighted Caffarelli-Kohn-Nirenberg inequalities in the special case
p = 2. The weighted Hardy-Sobolev inequalities are listed as follows:
Theorem 1.3. (see [16]) If 0 6 s 6 2 < Q, α > 2−Q2 , there exists a positive
constant C = C(s, α, µ,Q) such that for any u ∈ D1,2α (Rd+k),
∫
Rd+k
|x|µs
ρµs
|ραu|2∗(s,2,Q)
ρs
dxdy 6 C
(∫
Rd+k
|ρα∇µu|
2dxdy
)Q−s
Q−2
,
where we put p∗(s, p,Q) =
p(Q−s)
Q−p for any 1 < p < Q.
The weighted Caffarelli-Kohn-Nirenberg inequalities related to Gµ for the
case p = 2 are given:
Theorem 1.4. (see [16]) Let q, r, α, β, γ, σ and a satisfy

q > 1, r > 0, 0 6 a 6 1
d+ µ(α− γ)r > 0, d+ µ(α− β)q > 0
γr +Q > 0, βq +Q > 0, 2α +Q > 0,
where γ = aσ+ (1− a)β. Then there exists a positive constant C such that the
following inequality holds for all u ∈ C∞0 (R
d+k)
(∫
Rd+k
(
|x|µ
ρµ
)(α−γ)r
ργr|u|rdxdy
) 1
r
6C
(∫
Rd+k
ρ2α|∇µu|
2dxdy
) a
2
(∫
Rd+k
(
|x|µ
ρµ
)(α−β)q
ρβq|u|qdxdy
) 1−a
q
if and only if the following relations hold:
1
r
+
γ
Q
= a(
1
2
+
α− 1
Q
) + (1− a)(
1
q
+
β
Q
)
(this is dimensional balance),
0 6 α− σ if a > 0
α− σ 6 1 if a > 0 and
1
2
+
α− 1
Q
=
1
r
+
γ
Q
.
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The paper is to establish the following weighted Caffarelli-Kohn-Nirenberg
inequalities related to Gµ for 1 < p < Q:
Theorem 1.5. Let p, q, r, α, β, γ, σ and a satisfy

1 < p < Q, q > 1, r > 0, 0 6 a 6 1
d+ µ(α− γ)r > 0, d+ µ(α− β)q > 0
αp+Q > 0, βq +Q > 0, γr +Q > 0,
where
γ = aσ + (1− a)β. (5)
Then there exists a positive constant C such that the following inequality holds
for all u ∈ C∞0 (R
d+k)
(∫
Rd+k
(
|x|µ
ρµ
)(α−γ)r
ργr|u|rdxdy
) 1
r
6C
(∫
Rd+k
ραp|∇µu|
pdxdy
) a
p
(∫
Rd+k
(
|x|µ
ρµ
)(α−β)q
ρβq|u|qdxdy
) 1−a
q
(6)
if and only if the following relations hold:
1
r
+
γ
Q
= a(
1
p
+
α− 1
Q
) + (1− a)(
1
q
+
β
Q
) (7)
(this is dimensional balance),
0 6 α− σ if a > 0 (8)
α− σ 6 1 if a > 0 and
1
p
+
α− 1
Q
=
1
r
+
γ
Q
. (9)
To prove Theorem 1.5, by employing the idea in [7][16], we first need to
obtain a class of weighted Hardy-Sobolev type inequalities for 1 < p < Q:
Theorem 1.6. If 1 < p < Q, 0 6 s 6 p, α > p−Q
p
, there exists a positive
constant C = C(s, p, α, µ,Q) such that for any u ∈ D1,pα (Rd+k),
∫
Rd+k
|x|µs
ρµs
|ραu|p∗(s,p,Q)
ρs
dxdy 6 C
(∫
Rd+k
|ρα∇µu|
pdxdy
)Q−s
Q−p
. (10)
Remark 1.1. When a = 1, conditions of Theorem 1.5 imply
0 6 α− σ = α− γ 6 1,
1
r
+
σ
Q
=
1
p
+
α− 1
Q
,
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and then p 6 r 6 p∗ = Qp
Q−p . Therefore, there exists t ∈ [0, 1] satisfying
r = tp+ (1− t)p∗ =
p(Q− tp)
Q− p
, and (α − σ)r = tp.
Replacing r and α − σ into (6), it is easy to see that (6) is reduced to (10),
which is exactly a weighted Hardy-Sobolev type inequality.
Remark 1.2. Since the methods based on radial symmetry in [2] are no longer
suitable for Gµ, Zhang et al [16] adopted a different idea. They first proved
weighted Hardy-Sobolev type inequalities related to Gµ for the case p = 2 and
then derived the associated weighted Caffarelli-Kohn-Nirenberg inequalities for
the special case. Inspired by their work, we extended their results to all the cases
1 < p < Q. However, it is still open for the cases p > Q.
This paper is organized as follows. The next section introduces some defini-
tions and basic facts related to Gµ. In Section 3, we establish a Sobolev-Stein
embedding theorem and Hardy-Sobolev type inequalities related to Gµ. Fur-
thermore, we prove Theorem 1.6. The final section is devoted to the proof of
Theorem 1.5.
2 Preliminary
We shall introduce some notions and basic facts about the Grushin type op-
erators. Let µ be a positive real number and (x, y) ∈ Rdx × R
k
y = R
d+k with
d, k > 1. We denote by |x| (resp. |y|) the Euclidean norm in Rd (resp. Rk), i.e.,
|x|2 =
d∑
i=1
x2i (resp. |y|
2 =
k∑
j=1
y2j ). The symbol ∇x (resp. ∇y) and ∆x (resp. ∆y)
stand respectively for the usual gradient operator and the Laplace operator on
R
d (resp. Rk).
The Grushin type vector fields are defined by
Xi = ∂xi , Yj = |x|
µ∂yj , i = 1, 2, · · · , d, j = 1, 2, · · · , k,
and the corresponding gradient operator and divengent operator are denoted
respectively by
∇µ = (X1,X2, · · · ,Xd, Y1, Y2, · · · , Yk) = (∇x, |x|
µ∇y),
divµ(u1, u2, · · · , ud+k) =
d∑
i=1
Xiui +
k∑
j=1
Yjuj+d.
Denote the Grushin type operator by
Gµ =
d∑
i=1
X2i +
k∑
j=1
Y 2j = ∆x + |x|
2µ∆y = ∇µ · ∇µ.
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A family of the dilations {δλ : λ > 0} on R
d+k is defined by
δλ(x, y) = (λx, λ
1+µy), (x, y) ∈ Rd+k,
and Q = d+ (1 + µ)k is the corresponding homogeneous dimension. It is easy
to see that the vector fields Xi and Yj are homogeneous of degree one with
respect to the dilation, i.e., Xi(δλ) = λδλ(Xi), Yj(δλ) = λδλ(Yj), and hence
∇µ(δλ) = λδλ(∇µ) and Gµ(δλ) = λ
2δλ(Gµ).
The distance function from the origin to (x, y) on Rd+k is defined by
ρ = ρ(x, y) =

( d∑
i=1
x2i
)1+µ
+ (1 + µ)2
k∑
j=1
y2j


1
2+2µ
=
(
|x|2+2µ+(1+µ)2|y|2
) 1
2+2µ
.
It is not difficult to check that ρ is homogeneous of degree one with respect to
δλ and
|∇µρ| =
|x|µ
ρµ
, Gµρ = (Q− 1)
|x|2µ
ρ2µ+1
. (11)
Furthermore, Γ = Cµρ
2−Q is the fundamental solution at the origin of Gµ (see
[5]).
Denote the open ball of radius R centered at the origin by
BR = {(x, y) ∈ R
d+k : ρ(x, y) < R}.
Recalling the explicit polar transform defined by D’Ambrosio [3], one has
dxdy = ρQ−1dρdσ,
where dσ =
(
1
1+µ
)k
| sin θ|
d
2
−1| cos θ|k−1dθdωddωk, ωd and ωk denote respec-
tively the usual surface measures on Rd and Rk. In addition, the criteria for
the integrability of |x|pρq was given as follows:
(1) if p+ d > 0 and p+ q +Q > 0, then
∫
B2
|x|pρqdxdy < +∞;
(2) if p+ d > 0 and p+ q +Q < 0, then
∫
Rd+k\B1
|x|pρqdxdy < +∞.
3 Proof of Theorem 1.6
Firstly, we need to prove the Sobolev-Stein embedding result related to Grushin
type operators.
Theorem 3.1. If 1 < p < Q, there exists a positive constant C = C(p, µ,Q)
such that for any u ∈ D1,p0 (R
d+k),
(∫
Rd+k
|u|p
∗
dxdy
) 1
p∗
6 C
(∫
Rd+k
|∇µu|
pdxdy
) 1
p
.
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Next, we shall prove the associated Hardy-Sobolev type inequalities.
Theorem 3.2. If 1 < p < Q, 0 6 s 6 p, there exists a positive constant
C = C(s, p, µ,Q) such that for any u ∈ D1,p0 (R
d+k),
∫
Rd+k
|x|µs
ρµs
|u|p∗(s,p,Q)
ρs
dxdy 6 C
(∫
Rd+k
|∇µu|
pdxdy
)Q−s
Q−p
.
In order to prove Theorem 3.1, we consider the fractional integral operator
Iνf(x, y) =
∫
Rd+k
ρ
(
(x, y)− (x′, y′)
)ν−Q
f(x′, y′)dx′dy′, 0 < ν < Q.
The Hardy-Littlewood-Sobolev theorem for Iν holds (see [6]):
Theorem 3.3. Let 0 < ν < Q and 1 6 p < Q
ν
. Then
(1) if 1 < p < Q, then the condition 1
p
− 1
q
= ν
Q
is necessary and sufficient
for the boundedness of Iν from L
p(Rd+k) to Lq(Rd+k);
(2) if p = 1, then the condition 1 − 1
q
= ν
Q
is necessary and sufficient for
the boundedness of Iν from L
1(Rd+k) to Lq,∞(Rd+k).
Proof of Theorem 3.1. For any u ∈ C∞0 (R
d+k), using the integral representa-
tion formula for the fundamental solution of Gµ, we have
u(x, y) =
∫
Rd+k
Γ
(
(x, y)− (x′, y′)
)
Gµu(x
′, y′)dx′dy′. (12)
Noting Gµ = ∇µ ·∇µ and ∇
∗
µ = −∇µ and integrating by parts at the right side
of (12), it follows
u(x, y) =
∫
Rd+k
(∇µΓ)
(
(x, y)− (x′, y′)
)
∇µu(x
′, y′)dx′dy′.
Since
|∇µΓ| = Cµ|∇µ
(
ρ2−Q
)
| = Cµ(Q− 2)ρ
1−Q|∇µρ| 6 Cµ(Q− 2)ρ
1−Q,
we obtain
|u(x, y)| 6 Cµ(Q− 2)
∫
Rd+k
ρ
(
(x, y)− (x′, y′)
)1−Q ∣∣∇µu(x′, y′)∣∣ dx′dy′
= Cµ(Q− 2)I1(|∇µu|).
Now, applying Theorem 3.3, it yields(∫
Rd+k
|u|qdxdy
) 1
q
6 Cµ(Q− 2)
(∫
Rd+k
(I1(|∇µu|))
q dxdy
) 1
q
6 C
(∫
Rd+k
|∇µu|
pdxdy
) 1
p
,
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where
1
p
−
1
q
=
1
Q
(
⇔ q =
Qp
Q− p
= p∗
)
,
and C is a suitable positive constant depending only on p, µ and Q. This ends
the proof.
Proof of Theorem 3.2. Recall p∗(s, p,Q) =
p(Q−s)
Q−p , where 1 < p < Q and
0 6 s 6 p. If s = 0, then p∗(p, p,Q) = p and Theorem 3.2 is reduced to
Theorem 3.1. If s = p, then p∗(0, p,Q) = p
∗ and Theorem 3.2 is reduced to
Theorem 1.2 in the case α = 0. Theorefore, it suffices to deal with the case
0 < s < p.
Denoting p∗(s, p,Q) =
(
1− s
p
)
p∗ + s, by Ho¨lder inquality, (4) in the case
α = 0 and Theorem 3.1, we have∫
Rd+k
|x|µs
ρµs
|u|p∗(s,p,Q)
ρs
dxdy
6
(∫
Rd+k
|x|µp
ρµp
|u|p
ρp
dxdy
) s
p
(∫
Rd+k
|u|p
∗
dxdy
)1− s
p
6
((
p
Q− p
)p ∫
Rd+k
|∇µu|
pdxdy
) s
p

C(p, µ,Q)p∗ (∫
Rd+k
|∇µu|
pdxdy
) p∗
p


1− s
p
= C
(∫
Rd+k
|∇µu|
pdxdy
)Q−s
Q−p
,
where
C =
(
p
Q− p
)s
C(p, µ,Q)
(
1− s
p
)
p∗
.
The proof is completed.
To prove Theorem 1.6, we shall introduce two results.
Lemma 3.1. (see [11]) Let p > 1. For all ξ1, ξ2 ∈ R
n, the following inequalities
hold:
(1) if p 6 2, then
|ξ1 + ξ2|
p − |ξ1|
p − p|ξ1|
p−2〈ξ1, ξ2〉 6 C(p)|ξ2|
p,
|ξ2|
p − |ξ1|
p − p|ξ1|
p−2〈ξ1, ξ2 − ξ1〉 > C(p)
|ξ2 − ξ1|
p
(|ξ1|+ |ξ2|)2−p
;
(2) if p > 2, then
|ξ1 + ξ2|
p − |ξ1|
p − p|ξ1|
p−2〈ξ1, ξ2〉 6
p(p− 1)
2
(|ξ1|+ |ξ2|)
p−2|ξ2|
2,
|ξ2|
p − |ξ1|
p − p|ξ1|
p−2〈ξ1, ξ2 − ξ1〉 > C(p)|ξ2 − ξ1|
p,
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where 〈·, ·〉 represents the common inner product on the Euclidean space Rn.
Lemma 3.2. (see [12]) For any ξ, η ∈ Rn and λ > 0,
|ξ|λ+1 + λ|η|λ+1 − (λ+ 1)|η|λ−1〈ξ, η〉 > 0,
and the equality holds if and only if ξ = η.
Proof of Theorem 1.6. The condition α > p−Q
p
implies
αp∗(s, p,Q)− s+Q > 0, pα+Q > 0,
which ensures that the left and right integral of (10) are well defined on C∞0 (R
d+k).
For any u ∈ D1,pα (Rd+k), taking w = ραu, by the property of convex fuctions
and (11), we have
|∇µw|
p =
∣∣ρα∇µu+ αρα−1u∇µρ∣∣p
6
(
ρα|∇µu|+ |α||ρ
α−1u||∇µρ|
)p
= 2p
(
ρα|∇µu|+ |α||ρ
α−1u||∇µρ|
2
)p
6 2p
(
ραp|∇µu|
p
2
+
|α|p|ρα−1u|p|∇µρ|
p
2
)
6 2p−1
(
ραp|∇µu|
p + |α|pραp
|x|µp
ρµp
|u|p
ρp
)
.
It follows from (4) that∫
Rd+k
|∇µw|
p dxdy 6 2p−1
∫
Rd+k
(
ραp|∇µu|
p + |α|pραp
|x|µp
ρµp
|u|p
ρp
)
dxdy
6 2p−1
(
|α|p
(
p
Q− p+ αp
)p
+ 1
)∫
Rd+k
ραp|∇µu|
pdxdy,
which implies w ∈ D1,p0 (R
d+k). In addition, a straightforward computation
deduces∫
Rd+k
|x|µs
ρµs
|ραu|p∗(s,p,Q)
ρs
dxdy =
∫
Rd+k
|x|µs
ρµs
|w|p∗(s,p,Q)
ρs
dxdy,∫
Rd+k
|ρα∇µu|
pdxdy =
∫
Rd+k
|∇µw − αρ
−1w∇µρ|
pdxdy.
Therefore, (10) is equivalent to the following inequality
∫
Rd+k
|x|µs
ρµs
|w|p∗(s,p,Q)
ρs
dxdy 6 C
(∫
Rd+k
|∇µw − αρ
−1w∇µρ|
pdxdy
)Q−s
Q−p
.
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Noting Theorem 3.2, it suffices to prove∫
Rd+k
|∇µw − αρ
−1w∇µρ|
pdxdy > C ′
∫
Rd+k
|∇µw|
pdxdy (13)
for some suitable constant C ′ > 0.
According to Lemma 3.1, we will investigate (13) under the case 1 < p 6 2
and p > 2 respectively.
Case 1: 1 < p 6 2. Taking ξ1 = αρ
−1w∇µρ and ξ2 = ∇µw − αρ
−1w∇µρ in
the first case of Lemma 3.1, it indicates
C(p)
∫
Rd+k
|∇µw − αρ
−1w∇µρ|
pdxdy
6
∫
Rd+k
{
|∇µw|
p − |α|p
|w|p
ρp
|∇µρ|
p
−pα|α|p−2
w|w|p−2
ρp−1
|∇µρ|
p−2〈∇µρ,∇µw − αρ
−1w∇µρ〉
}
dxdy
=
∫
Rd+k
{
|∇µw|
p + (p− 1)|α|p
|w|p
ρp
|∇µρ|
p
−pα|α|p−2
w|w|p−2
ρp−1
|∇µρ|
p−2〈∇µρ,∇µw〉
}
dxdy
=
∫
Rd+k
{
|∇µw|
p + (p− 1)|α|p
|x|µp
ρµp
|w|p
ρp
− α|α|p−2ρ1−p|∇µρ|
p−2〈∇µρ,∇µ|w|
p〉
}
dxdy.
(14)
Integrating by parts, we have∫
Rd+k
ρ1−p|∇µρ|
p−2〈∇µρ,∇µ|w|
p〉dxdy
= −
∫
Rd+k
|w|pdivµ
(
ρ1−p|∇µρ|
p−2∇µρ
)
dxdy.
(15)
Since
∇µ(|x|
(p−2)µ) · ∇µρ = (p − 2)µ
|x|pµ
ρ2µ+1
,
by (11), a straightforward computation implies
divµ
(
ρ1−p|∇µρ|
p−2∇µρ
)
= divµ
(
|x|(p−2)µρ1−p+(2−p)µ∇µρ
)
= ρ1−p+(2−p)µ∇µ(|x|
(p−2)µ) · ∇µρ
+
(
1− p+ (2− p)µ
)
|x|(p−2)µρ(2−p)µ−p|∇µρ|
2 + |x|(p−2)µρ1−p+(2−p)µGµρ
= (Q− p)
|x|pµ
ρ(p+1)µ
.
(16)
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Putting (15) and (16) into (14), , we have
C(p)
∫
Rd+k
|∇µw − αρ
−1w∇µρ|
pdxdy >
∫
Rd+k
|∇µw|
pdxdy
+ α|α|p−2
(
Q− p+ (p− 1)α
) ∫
Rd+k
|x|µp
ρµp
|w|p
ρp
dxdy.
(17)
Note that the condition α > p−Q
p
deduces that Q− p+ (p− 1)α > 0.
If α 6 0, it follows from (4) and (17) that
C(p)
∫
Rd+k
|∇µw − αρ
−1w∇µρ|
pdxdy > C1
∫
Rd+k
|∇µw|
pdxdy, (18)
where
C1 = 1 + α|α|
p−2
(
Q− p+ (p− 1)α
) ( p
Q− p
)p
=
(
p
Q− p
)p{(
Q− p
p
)p
+ (p− 1)|α|p + (Q− p)α|α|p−2
}
.
Taking ξ = p−Q
p
, η = α and λ = p− 1 > 0 in Lemma 3.2, it shows C1 > 0.
If α > 0, then (18) holds naturally with C1 = 1.
In conclusion, we prove (13) with C ′ = C(p)−1C1 > 0.
Case 2: p > 2. A direct calculation gives
2p−2
p(p− 1)
2
(
|αρ−1w∇µρ|+ |∇µw|
)p−2
|∇µw − αρ
−1w∇µρ|
2
>
p(p− 1)
2
(
2|αρ−1w∇µρ|+ |∇µw|
)p−2
|∇µw − αρ
−1w∇µρ|
2
>
p(p− 1)
2
(
|αρ−1w∇µρ|+ |∇µw − αρ
−1w∇µρ|
)p−2
|∇µw − αρ
−1w∇µρ|
2.
As Case 1, applying the estimate in the second case of Lemma 3.1 to the above
inequality deduces
2p−2
p(p− 1)
2
(
|αρ−1w∇µρ|+ |∇µw|
)p−2
|∇µw − αρ
−1w∇µρ|
2
> |∇µw|
p − |αρ−1w∇µρ|
p − p|αρ−1w∇µρ|
p−2〈αρ−1w∇µρ,∇µw − αρ
−1w∇µρ〉
= |∇µw|
p + (p− 1)|α|p
|x|µp
ρµp
|w|p
ρp
− α|α|p−2ρ1−p|∇µρ|
p−2〈∇µρ,∇µ|w|
p〉.
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Therefore, argued as Case 1,
2p−2
p(p− 1)
2
∫
Rd+k
(
|αρ−1w∇µρ|+ |∇µw|
)p−2
|∇µw − αρ
−1w∇µρ|
2dxdy
>
∫
Rd+k
{
|∇µw|
p + (p− 1)|α|p
|x|µp
ρµp
|w|p
ρp
− α|α|p−2ρ1−p|∇µρ|
p−2〈∇µρ,∇µ|w|
p〉
}
dxdy
=
∫
Rd+k
|∇µw|
pdxdy + α|α|p−2
(
Q− p+ (p− 1)α
) ∫
Rd+k
|x|µp
ρµp
|w|p
ρp
dxdy
> C1
∫
Rd+k
|∇µw|
pdxdy,
(19)
holds for a sutitable C1 > 0.
In addition, exploiting Ho¨lder inequality and Minkowski inequality, it de-
duces
∫
Rd+k
(
|αρ−1w∇µρ|+ |∇µw|
)p−2
|∇µw − αρ
−1w∇µρ|
2dxdy
6
(∫
Rd+k
(
|αρ−1w∇µρ|+ |∇µw|
)p
dxdy
) p−2
p
×
(∫
Rd+k
|∇µw − αρ
−1w∇µρ|
pdxdy
) 2
p
6
{(∫
Rd+k
∣∣αρ−1w∇µρ|pdxdy
) 1
p
+
(∫
Rd+k
|∇µw|
pdxdy
) 1
p
}p−2
×
(∫
Rd+k
|∇µw − αρ
−1w∇µρ|
pdxdy
) 2
p
.
(20)
We conclude from (4),
∫
Rd+k
∣∣αρ−1w∇µρ|pdxdy
= |α|p
∫
Rd+k
|x|µp
ρµp
|w|p
ρp
dxdy
6 |α|p
(
p
Q− p
)p ∫
Rd+k
|∇µw|
pdxdy.
(21)
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Hence, by (20) and (21),∫
Rd+k
(
|αρ−1w∇µρ|+ |∇µw|
)p−2
|∇µw − αρ
−1w∇µρ|
2dxdy
6
(
|α|
p
Q− p
+ 1
)p−2(∫
Rd+k
|∇µw|
pdxdy
) p−2
p
×
(∫
Rd+k
|∇µw − αρ
−1w∇µρ|
pdxdy
) 2
p
.
(22)
Combining (19) and (22), it follows∫
Rd+k
|∇µw − αρ
−1w∇µρ|
pdxdy > C ′
∫
Rd+k
|∇µw|
pdxdy,
where C ′ = 2
p(3−p)
2 [p(p− 1)]−
p
2
(
|α| p
Q−p + 1
) p(2−p)
2
C
p
2
1 > 0.
In conclusion, (13) is proved.
4 Proof of Theorem 1.5
4.1 Necessity
Necessity of (7): Let 0 6≡ u ∈ C∞0 (R
d+k) satisfy (6). Then uλ = u◦δλ(λ > 0)
also satisfies (6). A direct computation shows
∫
Rd+k
(
|x|µ
ρµ
)(α−γ)r
ργr|uλ|
rdxdy = λ−γr−Q
∫
Rd+k
(
|x|µ
ρµ
)(α−γ)r
ργr|u|rdxdy,∫
Rd+k
ραp|∇µuλ|
pdxdy = λ−(α−1)p−Q
∫
Rd+k
ραp|∇µu|
pdxdy,
∫
Rd+k
(
|x|µ
ρµ
)(α−β)q
ρβq|uλ|
qdxdy = λ−βq−Q
∫
Rd+k
(
|x|µ
ρµ
)(α−β)q
ρβq|u|qdxdy.
Applying uλ to (6), it follows
λ−γ−
Q
r 6 λ
a
(
−(α−1)−Q
p
)
+(1−a)
(
−β−Q
q
)
,
which is true for any λ > 0, so the powers of λ on the two sides must be equal,
i.e.
−γ −
Q
r
= a
[
−(α− 1)−
Q
p
]
+ (1− a)
(
−β −
Q
q
)
,
which is exactly (7).
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Necessity of (8): Let 0 6≡ u ∈ C∞0 (B1) satisfy (6). Take (x0, y0) ∈ R
d+k,
x0 6= 0 and for sufficiently large λ > 0, define
uλ(x, y) = u ((x, y)− δλ(x0, y0)) = u(x− λx0, y − λ
1+µy0).
Since∫
Rd+k
(
|x|µ
ρµ
)(α−γ)r
ργr|uλ|
rdxdy
=
∫
B1
(
|x+ λx0|
ρ(x+ λx0, y + λ1+µy0)
)µ(α−γ)r
ρ(x+ λx0, y + λ
1+µy0)
γr|u|rdxdy
= λγr
∫
B1
(
|λ−1x+ x0|
ρ(λ−1x+ x0, λ−1y + y0)
)µ(α−γ)r
ρ(λ−1x+ x0, λ
−1y + y0)
γr|u|rdxdy
> C1λ
γr,
∫
Rd+k
(
|x|µ
ρµ
)(α−β)q
ρβq|uλ|
qdxdy 6 C3λ
βq,
and ∫
Rd+k
ραp|∇µuλ|
pdxdy
=
∫
Rd+k
ρ(x+ λx0, y + λ
1+µy0)
αp|∇µu|
pdxdy
= λαp
∫
Rd+k
ρ(λ−1x+ x0, λ
−1y + y0)
αp|∇µu|
pdxdy.
6 C2λ
αp
applying uλ to (6), we have
C
1
r
1 λ
γ
6 C
a
p
2 C
1−a
q
3 λ
aα+(1−a)β ,
which yields γ = aσ + (1− a)β 6 aα+ (1− a)β, namely (8).
Necessity of (9): We conclude from (7) that
1
p
+
α− 1
Q
=
1
q
+
β
Q
=
1
r
+
γ
Q
.
Choose the function
uε =


0 for ρ > 1
ρ−γ−
Q
r log
1
ρ
for ε 6 ρ 6 1
ε−γ−
Q
r log
1
ε
for ρ 6 ε.
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By polar coordinate changes, it leads to
∫
Rd+k
(
|x|µ
ρµ
)(α−γ)r
ργr|uε|
rdxdy
= C ′
(∫ ε
0
ργr+Q−1
(
ε−γ−
Q
r log
1
ε
)r
dρ+
∫ 1
ε
ρ−1
(
log
1
ρ
)r
dρ
)
= C ′
((
log 1
ε
)r
γr +Q
+
(
log 1
ε
)r+1
r + 1
)
6 C1
(
log
1
ε
)r+1
,
∫
Rd+k
(
|x|µ
ρµ
)(α−β)q
ρβq|uε|
qdxdy 6 C2
(
log
1
ε
)q+1
,
and ∫
Rd+k
ραp|∇µuε|
pdxdy
6 2p−1
∫
ε6ρ61
ρ−Q
((
Q− p
p
)p
logp
1
ρ
+ 1
)
|∇µρ|
pdxdy
6 C3
(
log
1
ε
)p+1
.
Applying uε to (6), we have
C
1
r
1
(
log
1
ε
)1+ 1
r
6 C
a
p
2 C
1−a
q
3
(
log
1
ε
)a(1+ 1
p
)
+(1−a)
(
1+ 1
q
)
,
which implies that
1 +
1
r
6 a
(
1 +
1
p
)
+ (1− a)
(
1 +
1
q
)
,
which immediately leads to
1
r
6
a
p
+
1− a
q
. (23)
Combining (5), (7) and (23) yields (9).
4.2 Sufficiency
If a = 0, (6) holds true obviously; If a = 1, the proof is complete in Remark
1.1. In the sequel, we deal only with the case 0 < a < 1.
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Case I: 0 < a < 1, 0 6 α − σ 6 1. In this case, p 6
(
1
p
+ α−σ−1
Q
)−1
6 p∗.
Analogous to the argument in Remark 1.1, there exists t ∈ [0, 1] satisfying(
1
p
+ α−σ−1
Q
)−1
= p(Q−tp)
Q−p and (α − σ)
(
1
p
+ α−σ−1
Q
)−1
= tp. Applying (10)
with 0 6 s = tp 6 p, we obtain
∫
Rd+k
(
|x|µ
ρµ
)(α−σ)( 1
p
+α−σ−1
Q
)
−1
|ραu|
(
1
p
+α−σ−1
Q
)
−1
ρ
(α−σ)
(
1
p
+α−σ−1
Q
)
−1 dxdy
6 C
(∫
Rd+k
|ρα∇µu|
pdxdy
)Q−tp
Q−p
.
(24)
From (5) and (7),
1
r
= a
(
1
p
+
α− σ − 1
Q
)
+
1− a
q
< 1, (⇒ r > 1),
(
|x|µ
ρµ
)α−γ
ργ |u| =
{(
|x|µ
ρµ
)a(α−σ)
ρaσ |u|a
}{(
|x|µ
ρµ
)(1−a)(α−β)
ρ(1−a)β |u|1−a
}
.
By Ho¨lder inequality and (24), it follows
(∫
Rd+k
(
|x|µ
ρµ
)(α−γ)r
ργr|u|rdxdy
) 1
r
6

∫
Rd+k
(
|x|µ
ρµ
)(α−σ)( 1
p
+α−σ−1
Q
)
−1
|ραu|
(
1
p
+α−σ−1
Q
)
−1
ρ
(α−σ)
(
1
p
+α−σ−1
Q
)
−1 dxdy


a
(
1
p
+α−σ−1
Q
)
×
(∫
Rd+k
(
|x|µ
ρµ
)(α−β)q
ρβq|u|qdxdy
) 1−a
q
6 C
(∫
Rd+k
ραp|∇µu|
pdxdy
) a
p
(∫
Rd+k
(
|x|µ
ρµ
)(α−β)q
ρβq|u|qdxdy
) 1−a
q
.
Case II: 0 < a < 1, α− σ > 1. Putting
Ap =
∫
Rd+k
|ρα∇Lu|
pdxdy, Bq =
∫
Rd+k
(
|x|µ
ρµ
)(β−α)q
ρβq|u|qdxdy,
we see that (6) can be written as
(∫
Rd+k
(
|x|µ
ρµ
)(α−γ)r
ργr|u|rdxdy
) 1
r
6 CAaB1−a.
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Rescaling u such that AaB1−a = 1, our aim becomes to prove
(∫
Rd+k
(
|x|µ
ρµ
)(α−γ)r
ργr|u|rdxdy
) 1
r
6 C. (25)
Note in Case I, (6) has been proved for α−σ = 0 and α−σ = 1. Therefore,
(∫
Rd+k
(
|x|µ
ρµ
)(α−δ)s
ρδs|u|sdxdy
) 1
s
6 C,
(∫
Rd+k
(
|x|µ
ρµ
)(α−ǫ)t
ρǫt|u|tdxdy
) 1
t
6 C,
provided that δ, s, ǫ and t satisfy
δ = bα+ (1− b)β,
1
s
=
b
p
+
1− b
q
−
b
Q
,
ǫ = c(α− 1) + (1− c)β,
1
t
=
c
p
+
1− c
q
,
for some choices of b and c, 0 6 b, c 6 1 and
d+ µ(α− δ)s > 0, δs +Q > 0,
d+ µ(α− ǫ)t > 0, ǫt+Q > 0.
One computes that
1
t
+
ǫ
Q
= c
(
1
p
+
α− 1
Q
)
+ (1− c)
(
1
q
+
β
Q
)
,
1
r
+
γ
Q
= a
(
1
p
+
α− 1
Q
)
+ (1− a)
(
1
q
+
β
Q
)
,
1
s
+
δ
Q
= b
(
1
p
+
α− 1
Q
)
+ (1− b)
(
1
q
+
β
Q
)
.
Since 0 < a < 1, α− σ > 1, it ensures 1
p
+ α−1
Q
6= 1
r
+ γ
Q
from (9) and then
1
p
+ α−1
Q
6= 1
q
+ β
Q
.
1): 1
p
+ α−1
Q
< 1
q
+ β
Q
. Taking b < a < c, we have
1
t
+
ǫ
Q
<
1
r
+
γ
Q
<
1
s
+
δ
Q
. (26)
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A direct computation shows
1
r
−
1
s
= (a− b)
(
1
p
−
1
q
−
1
Q
)
+
a(α− σ)
Q
,
1
r
−
1
t
= (a− c)
(
1
p
−
1
q
)
+
a(α− σ − 1)
Q
,
and (
1
r
+
µ(α− γ)
d
)
−
(
1
t
+
µ(α− ǫ)
d
)
= (a− c)
(
1
p
−
1
q
+
µ
d
(β + 1− α)
)
+ a(α− σ − 1)
(
1
Q
+
µ
d
)
,(
1
r
+
µ(α− γ)
d
)
−
(
1
s
+
µ(α− σ)
d
)
= (a− b)
(
1
p
−
1
q
−
1
Q
+
µ
d
(β − α)
)
+ a(α− σ)
(
1
Q
+
µ
d
)
.
The condition 0 < a < 1 and α− σ > 1 imply
0 <
a(α− σ − 1)
Q
<
a(α− σ)
Q
,
0 <a(α − σ − 1)
(
1
Q
+
µ
d
)
< a(α− σ)
(
1
Q
+
µ
d
)
,
and for sufficiently small |b− a| and |a− c|,
1
r
>
1
s
,
1
r
+
µ(α− γ)
d
>
1
s
+
µ(α− σ)
d
,
1
r
>
1
t
,
1
r
+
µ(α− γ)
d
>
1
t
+
µ(α− ǫ)
d
.
(27)
Combining (26) and (27), we have
d+
µ(ǫ− γ)tr
t− r
> 0,
(γ − ǫ)tr
t− r
+Q > 0,
d+
µ(δ − γ)sr
s− r
> 0,
(γ − δ)sr
s− r
+Q < 0.
(28)
Choose a fixed C∞0 (R
d+k) function Φ(x, y) (0 6 Φ 6 1) such that
Φ(x, y) =
{
1, if ρ(x, y) < 1,
0, if ρ(x, y) > 2.
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We shall investigate the left side of (25) by spliting it to two parts. It obtains
by Ho¨lder inequality that
(∫
Rd+k
(
|x|µ
ρµ
)(α−γ)r
ργrΦ|u|rdxdy
) 1
r
6
(∫
Rd+k
(
|x|µ
ρµ
)(α−ǫ)t
ρǫt|u|tdxdy
) 1
t
×

∫
Rd+k
(
|x|µ
ρµ
) (ǫ−γ)rt
t−r
ρ
(γ−ǫ)rt
t−r Φ
t
t−r dxdy


1
r
− 1
t
6 C
(∫
B2
|x|
µ(ǫ−γ)rt
t−r ρ
(µ+1)(γ−ǫ) rt
t−r dxdy
) 1
r
− 1
t
(29)
and (∫
Rd+k
(
|x|µ
ρµ
)(α−γ)r
ργr(1− Φ)|u|rdxdy
) 1
r
6
(∫
Rd+k
(
|x|µ
ρµ
)(α−δ)s
ρδs|u|sdxdy
) 1
s
×

∫
Rd+k
(
|x|µ
ρµ
) (δ−γ)rt
t−r
ρ
(γ−δ)st
s−r (1− Φ)
s
s−r dxdy


1
r
− 1
s
6 C
(∫
Rd+k\B1
|x|
µ(δ−γ)rs
s−r ρ
(µ+1)(γ−δ) rs
s−r dxdy
) 1
r
− 1
s
.
(30)
Moreover, (28) ensures the integrals on the right side in (29) and (30) are
bounded, which easily leads to (25).
2): 1
p
+ α−1
Q
> 1
q
+ β
Q
. Take c < a < b such that |c − a| and |a − b| are
sufficiently small. Now (26)-(30) still hold true and then the desired result (25)
is derived.
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